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Abstract

The basic reconstruction problem lead with the general task of retrieving a scenery from observations
made by a random walker. A critical factor associated with the problem is reconstructing the scenery in
polynomial time. In this article, we propose a novel technique based on the modern DNA sequencing
method for reconstructing a 3-color scenery of length n. The idea is first to reconstruct small pieces of length
order log n and then assembled them together to form the required piece. We show that this reconstruction
and assembly for a finite piece of a 3-color scenery takes polynomial amount of time.
© 2011 Published by Elsevier B.V.

1. Introduction

Scenery reconstruction considers a random walk moving around in a landscape or scenery
&, producing a sequence of observations. The problem is to retrieve the scenery & based on
a given sequence of observations x. More specifically, consider a coloring of the integers
& :7Z — {0,1,2,...,C — 1} which we shall call a scenery (i.e. random media). Let S be a
recurrent random walk starting at the origin. We assume that we observe the scenery along the
path of the random walk S, that is, we observe the color x; := &(S;) at time ¢. The scenery
reconstruction problem investigates whether one can identify a coloring of the integers, using
only the color record seen along a random walk path. In other words, if one path realization of x
a.s. determines €. In [9], it has been proven that almost every 2-color scenery can be reconstructed
when seen along the path of a simple symmetric random walk. The scenery is taken as i.i.d. with
equiprobable symbols.
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It is important to note that in a scenery with 2 instead of 3 colors, the reconstruction problem
becomes entirely different, more of statistical in nature than a combinatorial problem. The
techniques for solving the reconstruction problem when the random walk is not skip-free [3,4,7]
or two dimensional [6] are different to the approach in [9] for solving the reconstruction problem
with 2-colors by observing it along a simple random walk path. Approaches for reconstruction
with error-corrupted observations have been introduced in [2,10]. In [14], a continuous version
of the problem is treated.

In [11-13], it has been proven that in certain cases finite pieces of a 3-color sceneries close to
the origin can be reconstructed in polynomial time. However, the complex theoretical nature of
these algorithms makes it difficult for scientists to implement them using a computer program.

In this article, a novel practical algorithm is presented for the reconstruction of a finite piece
of scenery around the origin, which works in polynomial time. This is significant, as the existing
algorithms are more of theoretical interest and too difficult to implement even using computers.

The algorithm is based on the same idea as used by one of the techniques for DNA
reconstruction known as “polymerase chain reaction (PCR)”, developed by Kary Mullis in
1983. PCR is a scientific technique in molecular biology to amplify a single or a few copies
of a piece of DNA across several orders of magnitude, generating thousands to millions of
copies of a particular DNA sequence. In this paper, we only explain how our algorithm works
mathematically. For the biological and conceptual details of PCR, see [1].

The algorithm first obtains micro-strings from a finite string of £ and then assembles them.
The micro-strings are of logarithmic order in the length of the piece to be reconstructed. The
algorithm reconstructing the micro-strings needs exponential time in the size of the micro-strings,
while, exponential of logarithmic leads to amount of time polynomial!

In [5], it has been showed that there are sceneries which cannot be reconstructed, thus, only
normally typical sceneries are considered in scenery reconstruction. Therefore, we assume that
the scenery is itself the outcome of a random process and one tries to show that almost all
sceneries can be reconstructed up to equivalence, where £ and £ are called equivalent if there
exists an a € Z such that for all z € Z,

E(z) =&(z+a) or
£(z) = &(—2).

In other words, two sceneries are equivalent if one of them is obtained from the other by either
translation, reflection or their simultaneous composition.

Thus, most results so far concern this question if an infinite amount of observations a.s.
determines the whole scenery up to reflection and translation.

In this article, we show that with high probability a piece of length order n can be
reconstructed in finite time. We say that a sequence of events A, holds with high probability
(w.h.p.) if limy— 00 P(Ay) = 1.

1.1. Notation and results

Assume that the scenery {£;};c7 is a double infinite sequence of i.i.d. random variables with
state space {0, 1, 2} such that

PE=0=PE&E=D=PE =2 =1/3.

Then, & will designate a path realization of {§;};c7. Consider {S;};cn to be a simple symmetric
random walk starting at the origin and x; be the observation of the random walk at time ¢,
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i.e.
X = &(Sp)-

Now, we formulate our main result. Let .A(.) be a map which represents an algorithm that takes
the first 7" observations of x as input and produces a piece of scenery as output. The main result
of this paper is that w.h.p., the reconstructed piece contains the restriction of & to [—n, n], and is
contained in the restriction of & to [—4n, 4n]. More precisely, we have the following theorem.

Theorem 1.1. For every n € N large enough, there exists a map
A:0,1,2)7" = Unepan gm0, 1,2)"
such that

3iy, i> such that

i1 € [—4n, —nl; iy € [n,4n] and
AGaxz.- x7n) = & &ij+1... 8 or
ACaxz - x1) = &6 —1- .. &)

where, T" := n® + n®312 whilst k3 > 0 and B > 0 are constants not depending on n.

>1—nF

> , (1.1)

2. Proof of Theorem 1.1

2.1. Main ideas

Reconstructing from pieces

Definition 2.1. Let s = s152...5; andr = ryr2...r; be two strings where i < j. The transpose
of s is denoted by s* := s;5;_1...5].

We say that s appears in more than one location in r if and only if there exists x +i — 1, y +
i — 1 < j with x # y, such that at least one of the following three conditions hold:
Ls =ryreq1 ... Txqicrand s =ryryqq ... Fyqio1
2.8 =Txlxql.. Fxpi—rand s* =ryryq.. 1y
3.8  =ryreq1 . repimrand s¥ =ryryq L Fygiod.

The idea of reconstruction from pieces converts the problem of reconstructing a string of scenery
of length order n, to reconstruct short substrings. This is important since short substrings can be
reconstructed much quicker.

Let S be a string of length order /. To reconstruct S using substrings, one first needs to show
that with high probability in an i.i.d. 3-equiprobable-color string of length order /, every substring
of length k In/ appear only in one location, with k > 0 a constant large enough but not depending
on [. The assembling works as follows:

1. Assume we have a collection W of substrings of the string S, and that for each substring s of
S of length k In/ + 1 there exists w € W such that s is a substring of w.

2. Assemble the substrings in W (or their transpose) by checking if they overlap at least k In!/
consecutive letters.

Consider the following example.

Example 2.1. Assume we are given the words

w; = 22321, wy = 3212, ws = 1212.
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Assume that these three words are all substrings of a string S in which every 3-letter substring

appears at most in one location. (A substring appears in the string when we read it from left to

right or right to left.) Then we assemble wy, wy and w3 in order to get a bigger substring of S.
First take w; and wy, and see on which three letter group they coincide.

wy 2 2 3 2 1
wy 321 2

w4 2 23 21 2

Now puzzle together w4 and the transpose w} = 2121.

w4 2 2 3 2 1 2
w} 2 1 2 1

ws 2 23 21 2 1
The assembled string ws = 2232121 must be a substring of S.

Reconstructing a substring

For the reconstruction from pieces it is assumed that a collection of substrings of the string
which we want to reconstruct is given. Stopping times are used for the production of these
substrings, as follows.

Assume x and y are two non-random integer numbers such that x < y. The aim here
is to reconstruct the “substring” written between x and y, i.e. we would like to reconstruct
&x&x41 ... &y. Assume that we have the observations x1 x> . .. and the corresponding times when
the random walk § visits x or y.

Let v; be the ith visit of the random walk to x and t; be the ith visit to y. Then, when the
random walk crosses from x to y in the shortest period of time, we have the random walk, which
only takes steps to the right. Hence, during such a minimal time in the observations we are seeing
a copy of the substring §x§x11...&y.

Given that our random walk is recurrent, it will cross in the shortest period of time from x to
y infinitely often. Hence, to reconstruct the substring between x and y take

Xv;i Xvi+1 Xvi+2 -« - er
where v; and 7; satisfy

Tj— v = rg{liln{lfk — v}

Now, a priori the stopping times 7; and v; are not observable. In the next subsection we explain
how often we can figure them out solely based on the observations .

Representation of the scenery on a 3-regular tree

To reconstruct the micro-strings, they will be using a representation of the scenery & on a
3-regular tree T = (ET, Vr) equipped with a non-random coloring ¢ : V7 — {0, 1, 2}. This
idea was introduced in [8]. Formally, the idea is as follows.

Let T = (Er, V1) be a 3-regular tree with root vg, and ¢ : Vr — {0, 1, 2} be a (random)
coloring on T such that every vertex v € V7 has its 3-adjacent vertices colored in three different
colors 0, 1 and 2, i.e.

Yve Vr, {Yw)lw € {vi, vz, v3}} =1{0, 1,2}, 2.1

where v1, vp, v3 are the three vertices adjacent to v.
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Let ¥°, ¥! and /2 be three non-random colorations such that each one satisfies the condition
(2.1) and ¥ (vg) = i fori = 0, 1, 2. We assume that  is always equal to either ¥, ¢! or v 2.
When £(0) = 0, then ¢ = ¥, whilst when £(0) = 1, then ¥ = ! and finally £(0) = 2 implies
v =92

So the color at the origin of ¥ is the same as that at the origin of £. Also, v “is only random
as far as £(0) is”.

We call the map R : I NZ — Vr (where I is an interval) on T, a nearest neighbor pathon 7',
if and only if for all z € I N7Z: R(z) and R(z + 1) are adjacent vertices, i.e.

VzelINZ, {R(z),R(z+1)}e€ErT.

Let¢ : INZ — {0, 1,2} be a 3-color scenery on I N Z, then we can say that R generates ¢
on ¢ if and only if { = ¢ o R.

In order to represent the double infinite sequence & as a nearest neighbor walk R on a colored
tree 1 we need a uniqueness condition.

Proposition 2.1. Let S = s153...5; € {0, 1, 2} be a string, and v be a vertex in V such that
Y (v) = 51, then there exists a unique nearest neighbor path {R(t)};¢[1,j) on T such that,

Y(RM) ... ¥ (R()) = s152...55,
with R(1) = v. Thus, R generates S.

Proof. Suppose that {U (¢)}s¢[1, ] and {W () };¢[1, /] are two nearest neighbor paths such that

YyWU) ..y WU() =s152...5; =y WD) ... ¥ (W())),

with U(1) = W(1) = v. Then, at time 2, U (2) and W (2) will be over an adjacent vertex from v,
and also ¥ (U (2)) = s2 = ¥(W(2)), so from (2.1) U(2) = W(2). Suppose that at time k < j,
U(k) = W(k) = vg, then attime k + 1, U(k + 1) and W (k + 1) will be over an adjacent vertex
from v, and also Y (U (k + 1)) = skr1 = v (W(k+ 1)), again from Q. 1) Uk +1) = Wk +1).
Thus, by the induction argument we have (U () };¢[2,j] = {W (D) }rep2,j;- U

Proposition 2.1 states that, given any sequence of colors S, there exists a unique nearest
neighbor walk that generates S once we know where it starts.

Note that the representation of £, as a nearest neighbor path R, defines a simple random walk
on the graph (Er, V7):

More precisely, for z > 0, we have P({R(z+1) = v;|R(z) = v}) = 1/3, withv;,i = {1, 2, 3},
designating the 3-adjacent vertices of v. Thus {R(z)},cN is a random walk on our tree (E1, V1)
starting at the origin. Same thing for {R(—z)}.cn. Let R designate the unique nearest neighbor
path R on T with R(0) = vg such that

V(R(2)) =§(2),

Vz € Z. We call {R(z2)};cz the representation of the scenery {&;};c7 as nearest neighbor walk
onT.

Using this representation, our problem of reconstructing £ is translated to reconstructing R
using the observations x. Though we do not know R yet, we can easily figure out R o S just with
the observations y.
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By definition we have ¥ (R(z)) = £(z), then, Vt € N

Y(R(S)) =6(S) = x1

hence,

Yo(RoS)=y.

Note that R o S is also a nearest neighbor walk on 7', and it is the only one, which generates x
on .

In this order of ideas, if we know R, we would also know &, so the problem of reconstructing
& is equivalent to reconstructing R given R o S. Let us look at an example:

Example 2.2. Suppose that the scenery is

&, =0201001...
7 =0123456...

and S; represents a random walk, which produces yx;, then we have

$@),...,8(10)=0,1,2,1,2,3,4,3,4,5,6 and
x(0),...,x(10)=0,2,0,2,0,1,0,1,0,0, 1.

Now observe R and R o S over the tree (Fig. 1). They are respectively the representations of &
and x.

Now, let v and w be two different vertices of V7 visited by R, with {x;, x;_1,...,x1} and
{y1, y2, ..., yi} representing the set of all times when R visited v and w respectively.

In infinite time, R is transient (see Lemma 5 in [8]), then a.s. every vertex of Vr is visited
only a finite number of times. It implies that if two vertices v and w are far enough from each
other on the tree, with v closer to the origin than w, then the last visit to v occurs before the first
visit to w. Thus, in finite time if v is far enough from w the following condition holds w.h.p.

Xj<Xj—1 <~ <X2<X] <Y1 <)Y2<--<Y)i,

so in finite time it is possible to get the shortest paths between v and w. Thus, by the method of
“reconstructing a substring”, there is a simple way to reconstruct the scenery between x and y;.
Take the pair of times (t, s) minimizing (s — t) under the constraints

R(S;))=v and R(S;)=w, s >t.

Then, a.s. the observations during the interval of time [¢, s] are equal to the scenery between x|
and yp, i.e.

Xt Xt+1--- Xs = EX1EX1+1 -~-§y1'

The reason why this works is because the random walk, when going in shortest time from
X1 to yi, has a straight path. This also reveals the piece of scenery & between x1 and yj. Also,
we know that the recurrent random walk will pass from x; to yj in the shortest period of time
infinitely often.
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Fig. 1. Left and right trees, represent R and R o S respectively.

2.2. Reconstruction algorithm

Let us describe the algorithm to reconstruct a piece of & which contains the substring
E(—n)é(—n + DE(—n + 2)...&(n) contained in the string &(—4n)é(—4n + 1)E(—4n +
2)...£4n).

Let 7" := n® + n®3%9 where k3 > 0 is a constant not depending on n and which will be
defined subsequently. Our algorithm only takes as input the observations up to time 7. Hence,
the algorithm only uses a polynomial number of observations in the length of the piece of scenery
to be reconstructed. Let V" denote the subset of V7 containing those vertices which have been
visited by R o S up to time 7" and are not further away from the root than n, i.e.

V= {R(S®) | d(R(S()), vo) <n,t € [0, T"]}.

1. Determine V.

2. Build a “lexical” W of words which can be obtained by shortest path: for any pair (v, v2) €
(V™) x (V") such that up to time 7", the nearest neighbor walk R o S goes at least once from
v1 to vp in at most (k + 2kq) Inn + 1 steps:

take (¢, s) minimizing s — ¢ under the constraints

R(S;)) =v; and R(S;) =vp, s>t s,t<T"

The string x; x¢+1 - - . Xs 1s one of the reconstructed words. Now only keep those words with
length at least k Inn 4 1. The set of words obtained in this way is denoted by W.
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3. Assemble the words from W. For this use the following assembling rule: in order to “puzzle
two words together”, the words or their transposes must coincide on at least k In n contiguous
letters. Start with a word which was obtained using the vertex vg. Assemble one word after
the other to the already assembled word. Produce in this manner one piece of scenery. (Some
words might not be used since they might occur in another interval which is not connected to
the reconstructed interval.)

Now we need to prove that this reconstruction algorithm works w.h.p. Let .Alg be the event on
which our reconstruction algorithm works. More precisely,

Alg = {the reconstructed piece contains £(—n)é(—n + DE(—n +2)...£(n), }

and is contained in the string £(—4n)&(—4n + 1)&(—4n + 2) ... £(4n)
Defining the following events:
By == {{Vz ¢ [~4n, 4n], d(R(2),vo) > n}},

in the String 574n€:74n+1 o Eap,
B; := { there is no word of length k log n appearing ¢ ,
in two different places
Be for every z € [—4n, 4n],
37 \RGz —kiInn) & R[z, +o0] [
By for every z € [—4n, 4n],
TR+ (k+k)Inn+1) € R[—oco,z+klnn +1]["

every subinterval of [—4n, 4n] of length (k + 2k;) Inn + 1,

Bs = . . . )
5 gets crossed in a straight manner by S before time nok3+o }

Bs = {{R() #vo, Vz&I[-n/2,n/21}},
By ={{Vzeln—kilnn,n+klnn], d(R(),v) <n}},

the main combinatorial lemma is as follows.

Lemma 2.1. We have

BiNByN B3N BsNBsNBsN By C Alg.

Proof. Let (v, v2) be a pair of vertices of V" that is selected by our algorithm and leads to a
reconstructed word w for W. Let (¢, s) be the time pair minimizing s — ¢ under the constraint
R(S;) = vi and R(Sy) = vp whilst s > ¢ and 5,7 < 7". Hence, the reconstructed word w is
equal to the observations x during the time interval [¢, 5], i.e.,

W= Xt Xt+1---Xs-

Because of Bj, we have that R(z) can only be in V", when z € [—4n, 4n]. It follows that if B}
holds, and as vy, vy € V", we must have Sy, S; € [—4n, 4n]. Denote S; by z; and S; by z5. The
algorithm chooses only pairs (v1, v2) for which the nearest neighbor walk R o S goes in less than
(k 4+ 2k1) Inn + 1 steps from one to the other. It follows, that

|z1 —z2] < (k+2k1)Inn + 1.

We have already seen that z1, 7o € [—4n, 4n]. But according to the event Bs, every interval of
[—4n, 4n] of length less or equal to (k+4-2k1) Inn+1 gets crossed in a straight manner by S before
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time 7 . This implies that before time 7", the random walk S will walk in a straight manner from
z1 to zo. Hence, if (z, s) is to minimize s — ¢ under the constraint R(S;) = vy and R(S;) = vy;
and s — ¢ > 0 with s,¢ < 7", then, necessarily during the time (¢, s) the random walk S must
be a straight way from z; to z». (Otherwise, we would not have a minimum, since the straight
walk would be shorter). Since, during the time interval (¢, s) the random walk makes steps only
in one direction, the observations during that time are a copy of the scenery between the points
z1 and z». More precisely, assume that the random walk S makes only steps to the right during the
time interval (¢, s). Then the observations x; x;+1 ... xs are equal to &;, &, 11&;,42 ... &,,. Hence
the reconstructed word w, is equal to &;,&;,118;,42 ... &;, and is part of the scenery £ restricted
to [—4n, 4n]. The same conclusion holds true if the steps taken during the time (s, ¢) are all to the
left, but then the reconstructed word is equal to &,,&,,_1&;,—2 ... &;,. We have just proved that
if B and Bs both hold, then the collection of words W reconstructed by our algorithm contains
only words contained in the part of the scenery: é_4,&_ap11&—an+2 . . . Ean—1Ean.

We have so far assumed that there are no “wrong words” in W. For the algorithm to puzzle
together the words for desired reconstructed piece, enough good words in W should be ensured.
This is what we are going to check next.

Letzand z + kInn + 1 be in [—n, n], with

v1 := R(z —k11nn)
and
vy . =R(z+klnn+14kiInn).

Let z; be the largest m € Z for which R(z) = v;. Then because of the event B3, we have 71 < z
and hence

z1 € [z — ki 1Inn, z].

Let z» be the smallest m € Z such that R(z) = v,. Because of B4, we find thatzp > z+kIlnn+1
and hence

2 €lz+klnn+1,z+klnn+ 14 k(Inn].
So, the couple (z1, 7o) minimizes |z; — z2| under the constraint
R(z1) = vy, R(z2) = v2.

By the event Bs up to time 7", the random walk passes from v; to vy at least once in a straight
manner. Let the times of such a straight crossing be denoted by (s, s2), hence S;;, = vy and
Ss, = vz and during the time interval (s1, s2), the random walk S takes steps only in one direction
and s1, so < 7T". Since z1, zp minimizes |z — z2| under R(z;) = vy and R(z2) = vy, we have
the shortest path for the nearest neighbor walk R o S from v; to v, taking |z; — z2| steps, and
this can only occur when S walks straight from z; to z,. Hence, the time (s, s2) corresponds to
a straight crossing of the random walk S from z; to z2, so that:

Xsi Xs1+1 -« Xsop = Ez1§z1+l .. ~€zz-

Again, note that up to time 7", the time pair (s1, sp) minimizes |s, — s1| under the constraint
R(Ss,) = vi and R(S;,) = v2. So, as soon as (v, v2) gets picked by our algorithm, then

$Z1§Z1+1 cee Szz
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will be a reconstructed word by our algorithm in the collection W. Now, we know that |s; — 52|
are less apart than (k 4+ 2k1) Inn + 1. This implies that the nearest neighbor walk R o S goes
from v; to v in at most to (k + 2k1) Inn + 1 steps. This is the first criteria for the pair of vertices
(v1, v2) to get selected. The second criteria is that vy, v € V", this is guaranteed by the event
B7. We have just proved that if all the events B3, B4, B5 and By hold, then the substring

§60+1--.6 2.2)

is obtained by our reconstruction algorithm and added to W. The piece of scenery (2.2), contains
the piece

wy = &&+1---Ectkinn+l-

So, we have proved that for every interval
[z,z+klnn+1] C [n, —n],

at least one word w containing the piece w, is in the set of words W.
We have proved that if By and Bs both hold, then the collection of words W reconstructed by
our algorithm contains only words contained in the part of the scenery:

E_anb_any1_any2 .. Ean_184n.

The event B, guarantees that the algorithm “puzzles” words of W together correctly, and the
result is again a piece of

E_ané_anp1b_any2 .. Ean—184n.

The algorithm starts puzzling with a word wg which was obtained using the vertex vg. By Bg, the
word wy is part of the restriction of £ to [—n, n]. For every [z, z+ kInn + 1] in [—n, n], we have
at least one word in W containing &€&, 1 ...&, 1k mnn+1. This implies that the final reconstructed
piece by our algorithm must contain the restriction of £ to [—n, n]. It must also be contained in
the restriction of & to [—4n, 4n] as all the words in W are. This finishes proving that if all the
events By, By, B3, B4, Bs, Bg and By hold, then our algorithm manages to reconstruct a piece
the way we want it to. This means that the reconstructed piece is contained in the restriction
of & to [—4n, 4n], but contains the restriction of & to [—n, n]. In other words, the event Alg
holds. OJ

Note that according to Lemma 2.1, the reconstruction algorithm works correctly as soon as all

the events Bi, Ba, ..., B7 hold. Thus the probability that the algorithm does not work is bounded
from above by the sum:
P(By) + P(B5) + P(B3) + P(Bj) + P(B5) + P(Bg) + P(Bj). (2.3)

Lemmas 2.2-2.11 provide upper bounds for P(B{)—-P(B5), respectively. As none is larger than
a negative power in n, it follows that (2.3) can also be bounded by a negative power in .

Lemma 2.2. We have
P(B) < cre” ",
where c1 and cy are positive constants not depending on n.

Proof. Let D, = d(R;, vg) be the distance between vg and the vertex corresponding to R;. Then,
{D.};>0 is a simple random walk reflected at the origin, for which P(D; — D,_1 =1 | D,_1 #
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0)=2/3and P(D; — D;,—1 = —1| D,—1 # 0) = 1/3. Hence, {D_};>0 is a random walk with
positive drift reflected at the origin. We can say

B = I:ﬂz>4n{Dz > n}:l N |:ﬂs<,4n{D|S| > n}], SO

P(B)<2)  P(D;i <n).
i>4n
Let {T;};>0 be a random walk with the same transition probabilities as {D_};>0, starting at the
origin. Then

P(D; <n) < P(T; <n),

and
P(B) <2 ) P(T; <n).
i>4n
Considering T; = X + --- + X;, where X1, ..., X; are i.i.d. random variables with P(X| =
HD=1-PX;=-1)= %, we have

P(B)) <2 P(Xi+-+X; <n)

i>4n

1 1 i—4n
=2Z4:P<<Z—X1>+~--+<Z—X,-)z 2 )

§2i;1P<<%—X1>+-~-+<%—Xi>20).

Let Y; be equal to

Y= t_x
L 4 L
Then the right side of the last inequality above is equal to
(0.¢]
Y P4 Ya4 Y 20 24
i>4n

Note that E[Y;] = 0.25 — 0.3 = —0.083, hence, by Large Deviation Theory, expression (2.4)
must be exponentially small in n. Let us check out the details.

Recall that P(Z > 0) < E[e?!] for any t > 0. Taking Z equalto Y| + Y> + --- 4+ Y, we
obtain

P(Yi+---+Y, >0) < E["], @

for any > 0.
Let f (1) be the function f(f) = E[e'1'], then if:

1. there is an open interval I around O such that £ [e¥17] is finite for all € I, and
2. the expectation of Y7 is negative, i.e., E[Y]] < 0,

there exists a small 7 > 0 such that E[e?1"] < 1.

The best possible exponential upper bound for (2.5) is the positive value for  which minimizes
E[e"].
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For our definition of Y7, i.e. (Y 1 = 4—1‘ - X 1), the above two conditions hold, and E[e1?]
reaches the minimum value for 7y = 0.091, and E[e¥10] = 0.99618. It follows that

o0
P(Bf) <2 (0.99618)’
i=4n
(0.99618)*"
(1 —0.99618)

= e—Cz}’l’

where ¢; = 523.56 and ¢, = 0.0153. O

Lemma 2.3. We have

P(B) < 128p270kloed),

Proof. Let w, denote the word:

wy =8 11542 .- Extklogn
and w; be the word

Wy =§815-2...&klogn-

Let By, , be the event where w,, is not equal to w.,, and By ;, ., be the event where w,, is not
equal to w,. Clearly:

By = (0217522 BszleQ) N (mm,zz B2,Z1,Zz)

where the intersections above are taken over z1, z» in [—4n, 4n]. This leads to

P(BS) < (Z P(Bs,z,,m)) + (Z P(ég,m,zg) (2.6)

21#22 21,22

where the sums above are taken with z1, zo ranging over [—4n, 4n], with n as an even number.
For z1 # z», we can always find at least k log n/2 letters which are “all independent of each other
in w,, and w,,”. More precisely, since z; # 22, there exists an integer subset I C [0, klogn]
with at least k log n/2 elements, so that

i+ DN+ =0

Hence, using the fact that the scenery & is i.i.d. with 3 equiprobable colors, we find that if z; # z»,
then

1 klogn/2
P(BS‘ZI’ZZ) = P(w;, = wg,) < (3) . 2.7
A similar argument yields:
_ 1 klogn/2
P(B)zy.p) = Plwg = i0,) < <§> ' (2.8)

Applying inequalities (2.7) and (2.8) to inequality (2.6) yields:

klogn/2
P(BS) < 128n*( = = 128>~ 0klog3
2 3
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The bound on the right side of the above inequality is a negative power of n as 2 — 0.5k log 3
is strictly negative. Hence, we just have to take k > O strictly larger than 4/log3 to have a
negative-power-in-n upper bound for P(B5). [
Lemma 2.4. We have

P(B5) < cin' M,
where c1 is a positive constant not depending on n.

Proof. Let B3, be the event that {R(z — k1 logn) & R([z, +00))}. Then

T _4p B3z (2.9)
Note that the probability of B3, does not depend on z. So Eq. (2.9) implies:

4n
P(B;) < > P(BS,) <9nP(BS). (2.10)

=—4n
Thus taking z equal to k1 log n, we obtain
P(Bs;) = P(R(0)) € R([k1logn, +00)) = P(vo) & R([k1logn, +00)).
As in the proof of Lemma 2.2, let the distance between R(z) and vg be denoted by D, so that
D, := d(vo, R(2)).

Again, as in 2.2, D, is a simple random walk on N reflected at the origin. Let {77 },;>0 be arandom
walk with the same transition probabilities as {D,}.>o and starting at the origin. We have

P(BS)< > P(T.<0). 2.11)
z>ky logn
Let X; .= T; — T;_1. Hence, we can use large deviations to bound
P(T,<0)=PX1+Xo+---+X; <0).
With the same argument as in (2.2), we find
P(T, <0) < E(e” 1),
for any ¢ > 0, where X is a random variable such that
PXi=1)=1—-PX1=-1)=2/3,

then we have E[X;] = +1/3.
Minimizing r — E(e~*1") with respect to f, we get

min E[e”X1"] = 0.94281.

>0

From (2.11), we obtain

P(BS)= Y PT<0)< Y 094281,

z>kylogn z>kylogn
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The last inequality above with inequality (2.10) together imply that

912(0.94281)k1 logn
p(sg) < 20220
1 — 0.94281

—62k| lOg n
b

cine or

— Clnlfczkl ,

where ¢; = 157.37 and ¢ = 0.0589. If we take the constant k| large such that k| > é, then our
bound

P(BS) < cinl=o2h,

has a negative power in n and hence goes to 0 as n goes to infinity. I

Lemma 2.5. We have
P(B4c) < clelogn(lfczkl)’
where c1 > 0 is a positive constant not depending on n.
Proof. By symmetry, follows the same steps as for the proof of Lemma 2.4. [
Lemma 2.6. We have Bs, which holds w.h.p:
c
P(BS <=
n
where c5 > 0 is a constant not depending on n.
Proof. Let k3 > 0 be the constant
k3 ==k + 2k;.

Let Bs; be the event that the random walk S visits the points —4n and 4n before time n®, and
Bsy, be the event that the random walk S visits the point z at least n°** times within n°% time
unit from the first visit to z. More precisely, let 7.; be the ith visit by S to the point z. Hence

7,1 = min{r | Sy = z}

and by induction on i:
T+1) = min{t > 7 | § = z}.

The event Bsy, can now be described as the event of which difference
Tzj — Tzl

is less than or equal to n%%3+9 for all j < n3%3. Let Bs3, be the event such that the first n33 visits
of § to z have at least one straight path of length k3 logn + 1.
We have the following inclusion

Bsi N (Nze[—4n.4n) Bs2z) N (Nze[—4n.4n) Bsaz) C Bs. (2.12)

The above inclusion can be explained as follows. For any z € [—4n, 4n], from the event Bs; the
first visit to z by S takes place before time n°. Then by Bs,., we get n33 visits to z before an
additional time n®%319. Hence, before time

T" = nb 4 n%+9 (2.13)
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we have 1353 visits to z. According to the event Bs3,, during those n3k3 visits of S to z, there is
at least one visit followed directly by a straight crossing of length k3 logn + 1. These crossings
take place before time given in (2.13). In other words, we have just shown that when Bs;, Bsy,
and Bs3; all hold, then before time (2.13) there is a straight crossing by the random walk S of the
interval [z, z + k3 logn 4+ 1]. When there is such a straight crossing for each z € [—4n, 4n], then
the event Bs holds. This proves the inclusion (2.12). From inclusion (2.12), we obtain

P(BS) < P(BSH)+ Y. PBH+ Y. P(BS). (2.14)
2€[—4n,4n] z€[—4n,4n]

We can now apply the probability-bounds found in the next three lemmas to inequality (2.14) to
find

. C C
P(BS) < 2L 4 8n°% 4 8ne 0B,
n n

In the sum, on the right side of last inequality above, the term with largest order is c¢s1/n. It
follows, that there exists a constant cs > 0 not depending on n such that for all n € N, we have

P(BS) < ;—5 0

Lemma 2.7. We have
c
P(BS) < =
n

where c51 > 0 is a constant not depending on n.
Proof. Let v; designate the first visit of the random walk S to the point i, i.e.,

v; == min{t | S; =i},
and 7; := v; — v;_1. By the strong Markov property of the random walk, the sequence

T, 72,73, ...

is a sequence of i.i.d. random variables. The random walk reaches the point 4n before time n® if
and only if we have

T4n < n6.
This and a symmetric argument for —4n leads to
P(B§) <2P(ti+ T2+ + T4y > %)

and hence,
P(BS) <2P ((n T e >n2). (2.15)

For positive numbers, the third power of the sum is always more than the sum of the third powers.
Hence,

Tt < (4 )
from which it follows that

1/3 1/3
(T1+~-~+t4n)l/3ifl/ +---+r4,{.
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Applying the last inequality above to (2.15), we obtain

1/3

P(BS) <2P(r, 4+ + 1,7 > n?),

using Markov inequality yields
1/3
Elr,”’]

. T
P(BS)) < 8—1

The above bound is useful because the (1/3)th moment of z; is known to be finite. [

Lemma 2.8. We have
€52
C
P(Bs,,) < 3
where c5p > 0 is a constant not depending on n or z.

Proof. Note that P(B§2Z) does not depend on z. Hence, we can find a bound for P (Bs,,) and
this bound will be valid for all P(Bg,,). Let 7; be the ith visit to the origin by S. We have

P(BSy) = P(Ty + To+ -+ Ty > n519),
Now, the expression on the right side of the equality above is equal to

P((Ti+ T+ + Tp)'? > n¥F3), (2.16)

Note that for non-negative terms, the third power of the sum is always larger than the sum of the

/3

third powers. Hence, in our case, taking the terms Ti1 we get

3
T1+T2+'~'+Tn3k3 §<T11/3+T21/3—|—...+T13/§) .

n

Taking the third root of the last inequality above we obtain

(4Tt +Ta) <11 g

n

3
e 2.17)
Because of inequality (2.17), we find that the probability in expression (2.16) is less than or equal
to
PP+ 1P o 4 TS > pt9),

By the Markov inequality, we obtain

1/3
E[T,""]
PP+ 1P o 1Y > w3y < =L =
n n
and hence
1/3
E[T,""]
P(BS,) < —

The bound on the last inequality above is useful because E [Tll/ 3] is known to be a finite
number. [J

Lemma 2.9. We have

—0.251%3
P(Bs3,) <e L
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Proof. Let Y; be the Bernoulli variable which is equal to one if and only if we have a straight
crossing of length k3logn + 1 right after the stopping time 7.;, where j = i(k3logn + 1).
Since, we take the stopping times 7, apart by at least k3 logn + 1, Y1, Ya, ... are i.i.d. Also, the
probability of a straight crossing is

1 k3 logn+1 1

The event Bsz, holds, as soon as at least one of the Y;’s is equal to 1 fori = 1,2,..., n2ks
Hence,
12k3
P(BG) <P|Y ¥i=0|=01-¢"", (2.18)
i=1
where
1
1= 2pks
Note that

1 2nk3
(1 B 2nk3>

1

converges to e~ ' as n — 00. Applying this to (2.18), yields for n goes to infinity

P(BS) < e 00, O

Lemma 2.10. We have
P(Bs") < cre” ",
where c1 and ¢y are positive constants not depending on n.

Proof. Let D, = d(R;, vo) be the same as in the proof of Lemma 2.2. Recall that D, is a simple
random walk reflected at the origin with bias +1/3. We can write Bg as

Bg = {mz>n/2 D, >0}nN {ﬂx<7n/2 Dy > 0}.
Hence,
o
P(Bs") <2 Y P(D; =0).
i=n/2
Let {T;};>0 be a random walk with the same transition probabilities as {D;}.>0, and X1, ..., X;

be i.i.d. random variables with P(X; = 1) = 1 — P(X; = —1) = 2/3. Then once again

o
P(Bs) <2 Y P(T; <0)
i=n/2

o0
=2) PXi+-+X; <0
i=n/2
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o0
=2> P(-X;——X;=20)
i=n/2

<2 Z (0.94281)¢,
i=n/2

2(0.94281)"
(1 —0.94281)

— Clefczn’

where ¢; = 34.971 and ¢, = 0.0589. O

Lemma 2.11. We have
P(B7°) < cre” ",
where c1 and cy are positive constants not depending on n.

Proof. Lemma 2.11 is a direct consequence of Lemmas 2.2 and 2.4. [
3. Final remarks and open problems

We have proposed a novel practical algorithm for reconstructing a piece of scenery from
a given sequence of observations. Our algorithm is based on one of the techniques for DNA
reconstruction, which is known as “polymerase chain reaction” (PCR). For retrieving a finite
piece of a 3-color scenery of length 2, small pieces of length order In n are first reconstructed and
then assembled together to form the required piece. The algorithm takes a polynomial amount of
time for reconstructing a 3-color scenery.

The open problems to this research include the fundamental properties of the distribution of
the scenery for a plausible reconstruction, which are still not defined precisely, for example, if the
entropy grows linearly with the size of the scenery, a universal reconstruction algorithm exists
for solving the scenery reconstruction problem?
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