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Abstract. Non-rigorous statistical mechanics ideas have inspired a mes-
sage passing algorithm called Belief propagation guided decimation for
finding satisfying assignments of random k-SAT instances. This algo-
rithm can be viewed as an attempt at implementing a certain thought
experiment that we call the decimation process. In this paper we identify
a variety of phase transitions in the decimation process and link these
phase transitions to the performance of the algorithm.

1 Introduction

Let kK > 3 and n > 1 be integers, let » > 0 be a real, and set m = [rn].
Let @ = @4(n, m) be a propositional formula obtained by choosing a set of m
clauses of length k over the variables V = {z1,...,2,} uniformly at random.
For k, r fixed we say that @ has some property P with high probability (‘w.h.p.”)
if lim, oo P[® € P] = 1.

The interest in random k-SAT originates from the experimental observation
that for certain densities r the random formula @ is satisfiable w.h.p. while a
large class of algorithms, including and particularly the workhorses of practi-
cal SAT solving such as sophisticated DPLL-based solvers, fail to find a sat-
isfying assignment efficiently [I4]. Over the past decade, a fundamentally new
class of algorithms have been proposed on the basis of ideas from statistical
physics [6I13]. Experiments performed for & = 3,4,5 indicate that these new
‘message passing algorithms’, namely Belief Propagation guided decimation and
Survey Propagation guided decimation (‘BP/SP decimation’), excel on random
k-SAT instances [10]. Indeed, the experiments indicate that BP/SP decimation
find satisfying assignments for r close to the threshold where @ becomes unsat-
isfiable w.h.p. Generally, SP is deemed conceptually superior to BP.

For example, in the case kK = 4 the threshold for the existence of satisfying
assignments is conjectured to be m/n ~ ry &~ 9.93 [12]. According to experi-
ments from [I0], SP decimation finds satisfying assignments for densities up to
r = 9.73. Experiments from [I6] suggest that the “vanilla” version of BP dec-
imation succeeds up to r = 9.05. Another version of BP decimation (with a
different decimation strategy from [6]) succeeds up to r = 9.24, again according
to experimental data from [10]. By comparison, the currently best rigorously
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analyzed algorithm is efficient up to r = 5.54 [9], while zChaff, a prominent
practical SAT solver, becomes ineffective beyond r = 5.35 [10].

Since random k-SAT instances have widely been deemed extremely challeng-
ing benchmarks, the stellar experimental performance of the physicists’ message
passing algorithms has stirred considerable excitement. However, the statistical
mechanics ideas that BP /SP decimation are based on are highly non-rigorous, and
thus a rigorous analysis of these message passing algorithms is an important but
challenging open problem. A first step was made in [7], where it was shown that
BP decimation does not outperform far simpler combinatorial algorithms for suf-
ficiently large clause lengths k. More precisely, the main result of [7] is that there
is a constant pg > 0 (independent of k) such that the ‘vanilla’ version of BP dec-
imation fails to find satisfying assignments w.h.p. if » > po2*/k. By comparison,
non-constructive arguments show that w.h.p. @ is satisfiable ifr < r, = 2¥In2—k,
and unsatisfiable if 7 > 2% In 2 [3/4]. This means that for k >> pq sufficiently large,
BP decimation fails to find satisfying assignments w.h.p. already for densities a
factor of (almost) k below the threshold for satisfiability.

The analysis performed in [7] is based on an intricate method for directly
tracking the execution of BP decimation. Unfortunately this argument does little
to illuminate the conceptual reasons for the algorithms’ demise. In particular,
[7] does not provide a link to the statistical mechanics ideas that inspired the
algorithm. The present paper aims to remedy these defects. Here we study the
decimation process, an idealized thought experiment that the BP decimation
algorithm aims to implement. We show that this experiment undergoes a variety
of phase transitions that explain the failure of BP decimation for densities r > pg-
2% /k. Our results identify phase transitions jointly in terms of the clause/variable
density r and with respect to the time parameter of the decimation process.
The latter dimension was ignored in the original statistical mechanics work on
BP [6/I3] but turns out to have a crucial impact on the performance of the
algorithm. On a non-rigorous basis, this has been pointed out recently by Ricci-
Tersenghi and Semerjian [16], and our results can be viewed as providing a
rigorous version of (parts of) their main results. The results of this paper can
also be seen as a generalization of the ones obtained in [1] for random k-SAT, and
indeed our proofs build heavily upon the techniques developed in that paper.

2 Results

BP decimation is a polynomial-time algorithm that aims to (heuristically) im-
plement the ‘thought experiment’ shown in Fig. [l [T5/16], which we call the
decimation processl] A moment’s reflection reveals that, given a satisfiable input
formula @, the decimation process outputs a uniform sample from the set of all
satisfying assignments of @. The obvious obstacle to actually implementing this

! Several different versions of BP decimation have been suggested. In this paper we
refer to the simplest but arguably most natural one, also considered in [TUI5]T6].
Other versions decimate the variables in a different order, allowing for slightly better
experimental results [6J10].
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experiment is the computation of the marginal probability M,,(P:—1) that
takes the value ‘true’ in a random satisfying assignment of @;_1, a #P-hard
problem in the worst case. Yet the key hypothesis underlying BP decimation is
that these marginals can be computed efficiently on random formulas by means
of a message passing algorithm. We will return to the discussion of BP decima-
tion and its connection to Experiment [ below.

Experiment 1 (‘decimation process’). Input: A satisfiable k-CNF &.
Result: A satisfying assignment o : V' — {0, 1} (with 0/1 representing ‘false’/‘true’).

0. Let &9 = .

1. Fort=1,...,ndo

2. Compute the fraction My, (P:—1) of all satisfying assignments of @1 in which

the variable z; takes the value 1.

Assign o(x¢) = 1 with probability M, (P¢—1), and let o(z;) = 0 otherwise.

4. Obtain the formula @, from ®;_; by substituting the value o(x¢) for ¢ and
simplifying (i.e., delete all clauses that got satisfied by assigning z¢, and omit
z¢ from all other clauses).

5. Return the assignment o.

@

Fig. 1. The decimation process

We are going to study the decimation process when applied to a random
formula @ for densities r < 2¥In2 — k, i.e., in the regime where @ is satisfiable
w.h.p. More precisely, conditioning on @ being satisfiable, we let ®; be the
(random) formula obtained after running the first ¢ iterations of Experiment [
The variable set of this formula is V; = {x¢41,...,2,}, and each clause of &,
consists of at most k literals. Let S(@;) C {0,1}"* be the set of all satisfying
assignments of @,;. We say that almost all o € S(®;) have a certain property A
if AN S(@0)] = (1— 0(1))|S(,)].

We will identify various phase transition that the formulas &; undergo as ¢
grows from 1 to n. As it turns out, these can be characterized via two simple
parameters. The first one is the clauses density r ~ m/n. Actually, it will be
most convenient to work in terms of

p=kr/2" and 0=1—t/n,

so that m/n ~ p-2¥/k. We will be interested in the regime py < p < kIn2,
where pg is a constant (independent of k). The upper bound kIn2 marks the
point where satisfying assignments cease to exist [4]. The second parameter 6 is
the fraction of ‘free’ variables (i.e., variables not yet assigned by time ¢).

The symmetric phase. Let @ be a k-CNF on V, let 1 < t < n, let &; be
the formula obtained after ¢ steps of the decimation process, and suppose that
o € 8(P). A variable x € V; is loose if there is 7 € S(P;) such that o(z) # 7(x)
and d(o,7) < lnn, where d(-,-) denotes the Hamming distance. For any = € V;
we let My (Py) = |[{o € S(P¢) : 0(z) = 1}| /|S(P:)| be the marginal probability
that = takes the value ‘true’ in a random satisfying assignment of &;.
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Theorem 2. There are constants ko, po > 0 such that for k > ko, po < p <

kIn2 —2Ink, and
Inl 10
k-9>exp[p(1+nnp+ )]
p p

the random formula ®; has the following properties w.h.p.

1. In almost all 0 € §(P;) at least 0.990n variables are loose.
2. At least On/3 variables x € V; satisfy M, (P;) € [0.01,0.99].
3. The average distance of two random satisfying assignments is > 0.490n.

Intuitively, Theorem [2 can be summarized as follows. In the early stages of the
decimation process (while # is ‘big’), most variables in a typical o € S(P;) are
loose. Hence, the correlations amongst the variables are mostly local: if we ‘flip’
one variable in o, then we can ‘repair’ the unsatisfied clauses that this may
cause by simply flipping another Inn variables. Furthermore, for at least a good
fraction of the variables, the marginals M,(®;) are bounded away from 0/1.
Finally, as the distance between satisfying assignments is large on average, the
set S(@,) is ‘well spread’ over the Hamming cube {0,1}"*.

Shattering and rigidity. Let @ be a k-CNF and let ¢ € S(&P;). For an integer
w > 1 we call a variable z € V; w-rigid if any 7 € S(®;) with o(z) # 7(x) satisfies
d(o,7) > w. Furthermore, we say that a set S C {0,1}"" is (a, 8)-shattered if
it admits a decomposition S = Ufil R; into pairwise disjoint subsets such that
the following two conditions are satisfied.

SH1. We have |R;| < exp(—abn)|S| for all 1 <i < N.
SH2. If 1 <i< j <N and o € R;, T € Rj, then dist(o,7) > B6n.

Theorem 3. There are constants ko, po > 0 such that for k > ko, po < p <
kIn2 —21Ink, and

np 2
152(1+2p*2)§k9§exp [p <1 npppﬂ 1)

the random formula ®; has the following properties w.h.p.

1. In almost all 0 € S(Py) at least 0.990n variables are £2(n)-rigid.

2. There exist o = a(k,p) > 0,68 = B(k,p) > 0 such that S(P;) is (o, B)-
shattered.

3. At least On/3 variables x € V; satisfy My (D) € [0.01,0.99)].

4. The average distance of two random satisfying assignments is at least 0.490n.

Thus, if the fraction 6 of free variables lies in the regime (), then in most
satisfying o € S(P;) the values assigned to 99% of the variables are linked via
long-range correlations: to ‘repair’ the damage done by flipping a single rigid
variable it is inevitable to reassign a constant fraction of all variables. This is
mirrored in the geometry of the set S(P;): it decomposes into exponentially many
exponentially tiny subsets, which are mutually separated by a linear Hamming
distance £2(n). Yet as in the symmetric phase, the marginals of a good fraction
of the free variables remain bounded away from 0/1, and the set S(®;) remains
‘well spread’ over the Hamming cube {0, 1}Vt.
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The ferromagnetic phase. Let « > 0. We say that a set S C {O,l}en is a-
ferromagnetic if for any o, 7 € S we have dist(o, 7) < an.

Theorem 4. There are constants ko, po > 0 such that for k > ko, po < p <
kIn2 —21Ink, and
Inp<k-0<(1—p2)-p/(In2) (2)

the random formula ®; has the following properties w.h.p.

1. In almost all 0 € S(Py) at least 0.990n variables are £2(n)-rigid.

2. The set S(P:) is exp(2 — p)/k-ferromagnetic.

3. At least 0.990n variables x € V; satisfy M, (Py) € [O, 27k/2] U [1 — 27 k2 1].

4. There is a set R C V; of size |R| > 0.990n such that for any o,7 € S(P;) we
have |{zx € R:o(x) # 7(x)}| < k2 Fn.

In other words, as the decimation process progresses to a point that the fraction
0 of free variables satisfies ([2)), the set of satisfying assignments shrinks into a
ferromagnetic subset of {0, 1}Vt of tiny diameter, in contrast to a well-spread
shattered set as in Theorem [Bl Furthermore, most marginals M, (P;) are either
extremely close to 0 or extremely close to 1. In fact, there is a large set R of
variables on which all satisfying assignments virtually agree (more precisely: any
two can’t disagree on more than k2~ *n variables in R).

The forced phase. We call a variable x forced in the formula @, if @; has a clause
that only contains the variable z (a ‘unit clause’). Clearly, in any satisfying
assignment x must be assigned so as to satisfy this clause.

Theorem 5. There are constants ko, po > 0 such that for k > ko, po < p <
kIn2 —2Ink, and
1/n< k-6 <lIn(p)(1 —10/1np) (3)

the random formula ®; has the following properties w.h.p.

1. At least 0.990n variables are forced.
2. The set S(P:) is exp(2 — p)/k-ferromagnetic.

Belief Propagation. As mentioned earlier, the BP decimation algorithm is an
attempt at implementing the decimation process by means of an efficient algo-
rithm. The key issue with this is the computation of the marginals My, ($¢—1)
in step 2 of the decimation process. Indeed, the problem of computing these
marginals is # P-hard in the worst case. Thus, instead of working with the ‘true’
marginals, BP decimation uses certain numbers p,, ($;—1,w) that can be com-
puted efficiently, where w > 1 is an integer parameter. The precise definition
of the pg,(P:—1,w) can be found in [6]. Basically, they are the result of a ‘lo-
cal’ dynamic programming algorithm (‘Belief Propagation’) that depends upon
the assumption of a certain correlation decay property. For given k, p, the key
hypothesis underpinning the BP decimation algorithm is

Hypothesis 6. For any e > 0 there is w = w(e, k, p,n) > 1 such that w.h.p. for
all 1 <t <n we have |z, (Pr_1,w) — My, (Pr_1)| < €.
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In other words, Hypothesis [0 states that throughout the decimation process,
the ‘BP marginals’ pi,, (P:—1,w) are a good approximation to the true marginals
M(tf, (ét—l)'

Theorem 7. There exist constants cg, ko, po > 0 such that for all k > ko, and
po < p <kln2—2Ink the following is true for any integer w = w(k, p,n) > 1.
Suppose that

coln(p) <k-0<p/In2. (4)

Then for at least 0.996n variables © € Vy; we have p, (P, w) € [0.49,0.51].

The proof is based on the techniques developed in [7]; the details are omitted
from this extended abstract. Comparing Theorem [l with Theorem[7] we see that
w.h.p. for 0 satisfying (@) most of the ‘true’ marginals M, (P;) are very close to
either 0 or 1, whereas the ‘BP marginals’ lie in [0.49,0.51]. Thus, in the regime
described by (@) the BP marginals do not provide a good approximation to the
actual marginals.

Corollary 1. There exist constants co, ko, po > 0 such that for all k > ko,
po < p < kln2—3Ink Hypothesis[@ is untrue.

Summary and discussion. Fix k > kg and p > pg. Theorems 2HE show how
the space of satisfying assignments of @; evolves as the decimation process pro-
gresses. In the symmetric phase kfl > exp((1 + 0,(1))p) where there still is a
large number of free variables, the correlations amongst the free variables are
purely local (‘loose variables’). As the number of free variables enters the regime
(140,(1))p/In2 < kO < exp((1 — 0,(1))p), the set S(P;) of satisfying assign-
ments shatters into exponentially many tiny ‘clusters’, each of which comprises
only an exponentially small fraction of all satisfying assignments. Most satisfying
assignments exhibit long-range correlations amongst the possible values that can
be assigned to the individual variables (‘rigid variables’). This phenomenon goes
by the name of dynamic replica symmetry breaking in statistical mechanics [I1].

While in the previous phases the set of satisfying assignments is scattered
all over the Hamming cube (as witnessed by the average Hamming distance of
two satisfying assignments), in the ferromagnetic phase (1 —o0,(1))Inp < kf <
(I —o0,(1))p/In2 the set of satisfying assignments has a tiny diameter. This is
mirrored by the fact that the marginals of most variables are extremely close to
either 0 or 1. Furthermore, in (most of) this phase the estimates of the marginals
resulting from Belief Propagation are off (Theorem [M]). As part 4 of Theorem @l
shows, the mistaken estimates of the Belief Propagation computation would
make it impossible for BP decimation to penetrate the ferromagnetic phase. More
precisely, even if BP decimation would emulate the decimation process perfectly
up until the ferromagnetic phase commences, with probability 1 — exp(—{2(n))
BP decimation would then assign at least k2~ %n variables in the set R from
part 4 of Theorem [ ‘wrongly’ (i.e., differently than they are assigned in any
satisfying assignment). In effect, BP decimation would fail to find a satisfying
assignment, regardless of its subsequent decisions. Finally, in the forced phase
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kO < (1 —0,(1))Inp there is an abundance of unit clauses that make it easy to
read off the values of most variables. However, getting stuck in the ferromagnetic
phase, BP decimation won’t reach this regime.

3 Related Work

BP/SP decimation are inspired by a generic but highly non-rigorous analysis
technique from statistical mechanics called the cavity method [6]. This technique
is primarily destined for the analysis of phase transitions. In [6I1] the cavity
method was used to study the structure of the set S(®) of satisfying assignments
(or, more accurately, properties of the Gibbs measure) of the undecimated ran-
dom formula @. Thus, the results obtained in that (non-rigorous) work identify
phase transitions solely in terms of the formula density p. On the basis of these
results, it was hypothesized that (certain versions of) BP decimation should find
satisfying assignments up to p ~ Ink or even up to p ~ kIn2 [I1I]. The argument
given for the latter scenario in [I] is that the key obstacle for BP to approximate
the true marginals is condensation, a phenomenon that from the viewpoint of BP
is very similar to ferromagnetism. In terms of the parameter p, the condensation
threshold was (non-rigorously) estimated to occur at p = kIn2 — 3k27%~11n 2.
However, [7] shows that (the basic version of) BP decimation fails to find satis-
fying assignments already for p > pg, with py a constant independent of k.

The explanation for this discrepancy is that [6JTT] neglect the time parameter
6 = 1 —t/n of the decimation process. As Theorem [ shows, even for fized
p > po (independent of k) ferromagnetism occurs as the decimation process
proceeds to € in the regime (2). This means that decimating variables has a
similar effect on the geometry of the set of satisfying assignments as increasing
the clause/variable density. On a non-rigorous basis an analysis both in terms
of the formula density p and the time parameter 6 was carried out in [I6]. Thus,
our results can be viewed as a rigorous version of parts of [16] (with proofs based
on completely different techniques). In addition, Theorem [7l confirms rigorously
that for p, 6 in the ferromagnetic phase, BP does not yield the correct marginals.

The present results have no immediate bearing on the conceptually more so-
phisticated SP decimation algorithm. However, we conjecture that SP undergoes
a similar sequence of phase transitions and that the algorithm will not find sat-
isfying assignments for densities p > pg, with pg a constant independent of k.

Theorem [3] can be viewed as a generalization of the results on random k-
SAT obtained in [I] (which additionally deals with further problems such as
random graph/hypergraph coloring). In [I] we rigorously proved a substantial
part of the results hypothesized in [11] on shattering and rigidity in terms of the
clause/variable density p; this improved prior work [258]. The new aspect of the
present work is that we identify not only a transition for shattering/rigidity, but
also for ferromagnetism and forcing in terms of both the density p and the time
parameter 0 of the decimation process. As explained in the previous paragraph,
the time parameter is crucial to link these phase transitions to the performance
of algorithms such as BP decimation.
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In particular, from Theorem [Blwe can recover the main result of [I] on random
k-SAT. Namely, if p > Ink+2Inlnk+ 2, then () is satisfied even for § = 1, i.e.,
the undecimated random formula @ has the properties 1.—4. stated in Theorem [3l
Technically, the present paper builds upon the methods developed in [1].

4 Analyzing the Decimation Process

In the rest of the paper, we are going to sketch the proofs of the main results.
In this section we perform some groundwork to facilitate a rigorous analysis of
the decimation process. The key problem is to get a handle on the following
experiment:

D1. Generate a random formula @, conditioned on @ being satisfiable.
D2. Run the decimation process for ¢ steps to obtain @;.

D3. Choose a satisfying assignment o; € S(P;) uniformly at random.
D4. The result is the pair (®;, o¢).

As throughout the paper we only work with densities m/n where @ is satisfiable
w.h.p., the conditioning in step D1 is essentially void. Recalling that the outcome
of the decimation process is a uniformly random satisfying assignment of @, we
see that the following experiment is equivalent to D1-D4:

U1l. Generate a random formula @, conditioned on @ being satisfiable.

U2. Choose o € §(®) uniformly at random.

U3. Substitute o(x;) for z; for 1 <i <t and simplify to obtain a formula ;.
U4. The result is the pair (®¢,0¢), where o : V; — {0,1}, x — o(x).

Fact 8. The two probability distributions induced on formula/assignment pairs
by the two experiments D1-D4 and U1-U4 are identical.

Still, an analysis of U1-U4 seems difficult because of U2: it is unclear how to
analyze (or implement) this step directly. Following [1], we will surmount this
problem by considering yet another experiment.

P1. Choose an assignment o’ € {0,1}" uniformly at random.

P2. Choose a formula @’ with m clauses that is satisfied by o’ uniformly at
random.

P3. Substitute o’(z;) for a; for 1 < ¢ < ¢ and simplify to obtain a formula ;.

P4. The result is the pair (®},07}), where o} : V; — {0,1},  +— o'(x).

The experiment P1-P4 is easy to implement and, in effect, also amenable to
a rigorous analysis. For given the assignment o’, there are (2% — 1) (Z) clauses in
total that evaluate to ‘true’ under o', and to generate & we merely choose m
out of these uniformly and independently. Unfortunately, it is not true that the
experiment P1-P4 is equivalent to U1-U4. However, we will employ a result
from [1] that establishes a connection between these two experiments that is

strong enough to extend many results from P1-P4 to U1-U4.
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To state this result, observe that P1-P4 and U1-U4 essentially only differ
in their first two steps. Thus, let Ax(n,m) denote the set of all pairs (®,0),
where @ is a k-CNF on V = {z1,...,z,} with m clauses, and o € S(®). Let
Ui (n, m) denote the probability distribution induced on Ag(n,m) by Ul-U2,
and let Py (n, m) signify the distribution induced by P1-P2; this distribution is
sometimes called the planted model.

Theorem 9 ([1]). Supposek >4 and0 < p < kIn2—k?/2%. Let € C Ag(n,m).
If PPk(n,m) [5] >1- exp(fpn/2k) then Puk(n,m) [5] =1- 0(]—)

5 Shattering, Pairwise Distances, and Ferromagnetism

To prove shattering and ferromagnetism, we adapt arguments from [1II2I8] to
the situation where we have the two parameters 6, p (rather than just p). Let
(@1, 0¢) be the (random) outcome of the experiment U1-U4. For 0 < o <1 let
Xo (P, 01) denote the number of satisfying assignments 7 € S(P;) with Ham-
ming distance d(o, 7) = afn. To establish the ‘shattering’ part of Theorem [3]
we are going to prove the following

Claim 10. Under the assumptions of Theorem [ there exist a1 < as < 0.49,
as > 0 depending only on k, p such that w.h.p. we have

Xo(Pr,0:) =0 foralla; < a < ag, and (5)
arél(zﬁcg Xo(Py,01) < exp(—agn) - [S(Py)] . (6)
Claim implies that for the outcome @®; of the first ¢ steps of the decima-
tion process the set S(®;) shatters w.h.p. For by Fact B Claim [[0 implies that
w.h.p. almost all oy € S(P;) are such that (B) and (@) hold. Choose any such
011 € S(Py) and let Ry = {7 € S(P;) : d(7,0¢,1) < ain}. Then, choose o2 €
S(Py) \ Ry satistying [{) and (@), let Ry = {7 € S(P:) \ Ry : d(7,012) < ain},
and proceed inductively until all remaining satisfying assignments violate ei-
ther (@) or (@). Let Ry,...,Rn be the classes constructed in this way and let
Ry = S(Py) \ Uf\;1 R;. An additional (simple) argument is needed to show that
|Ro| < exp(—2(n))|S(P+)| w.h.p. The decomposition Ry, ..., Ry witnesses that
S(P;) shatters.

With respect to pairwise distances of satisfying assignments, (@) implies that
w.h.p. only an exponentially small fraction of all satisfying assignments of @, lies
within distance < 0.490n of o;. It is not difficult to derive the statement made
in Theorem [3 on the average pairwise distance from this. In addition, the fact
that the average pairwise distance of satisfying assignments is > 0.496n w.h.p.
implies in combination with a double counting argument the claim about the
marginals M, (®;) in Theorems 2] and B
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To establish Claim [I0 we will work with the experiment P1-P4 and use
Theorem [@ to transfer the result to the experiment U1-U4. Thus, let (P}, o})
be the (random) outcome of experiment P1-P4, and assume that k, p, § are as in
Theorem [l To prove (Bl we need to bound X, (P}, o}) from above, for which we
use the ‘first moment method’. Indeed, by standard arguments (similar to those
used in [2]) the expectation of X,(®},0}) satisfies ! ImEX,(®},0}) < ¢(a),
with

2kp
Y(a) =—aflna— (1 —a)fln(l — o) + In <1 -

) 1(1&9)]“).

2k —1

Thus, in order to prove that max,, <a<a, Xa(®},0}) = 0 w.h.p. we would just
have to prove that max,, <a<a, ¥(@) < 0 (so that Markov’s inequality implies
that X, = 0 w.h.p.). But as our goal is to prove a result about the X, (®:, o)
(i.e., the experiment U1-U4), we need to prove a slightly stronger bound,
namely max,, <a<a, () < —p/2F. Then Markov’s inequality and Theorem
imply the first part of Claim[I0l Via elementary calculus, one can show that the
aforementioned bound holds with a; = exp(2 — p) — e and as = exp(2 — p) + ¢
for a sufficiently small € > 0.

To prove (@) we bound EX,, from above by a similar first moment argument.
But in addition, we need a lower bound on |S(P;)|. To derive this, we need

Theorem 11 ([2]). Assume k > 4 and p < kln2 — k?/2%. Then w.h.p.
LI |S(®)| > In2+ 287 In(1 — 27%) — 0.99p/2%.

Together with a double counting argument, Theorem [[I] implies the part 2 of
Claim [0 The ‘ferromagnetism’ bit of Theorem [ follows from similar arguments.

6 Rigid Variables

Assume that k, p, 0 satisfy the assumptions of Theorem Bl Let (P, o) be the
(random) outcome of U1-U4. Our goal is to show that w.h.p. most variables
x € V; are rigid.

What is the basic obstacle that makes it difficult to ‘flip’ the value of z?
Observe that we can simply assign = the opposite value 1 — o(x), unless &
has a clause C in which either x or T is the only literal that is true under o7.
If there is such a clause, we say that x supports C. But even if x supports a
clause C it might be easy to flip. For instance, if C features some variable y # x
that does not support a clause, then we could just flip both z,y simultaneously.
Thus, to establish the existence of {2(n)-rigid variables we need to analyze the
distribution of the number of clauses that a variable supports, the probability
that these clauses only consists of variables that support further clauses, the
probability that the same is true of those clauses, etc.

This analysis can be performed fairly neatly for the outcome (®},07}) of the
experiment P1-P4. Let us sketch how this works, and why rigidity occurs at
kO = exp((1+0(1))p) (cf. @)). For a variable z € V; we let S, be the number of
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clauses supported by z. Given the assignment o’ chosen in step P1, there are
a total of (Zj) possible clauses that x supports. Since in step P2 we include
m out of the (2% — 1) (Z) possible clauses satisfied under o’ uniformly and inde-
pendently, we get E[S,] = m(771)/ ((2* = 1)(})) = p/(1 —27%) > p. In fact,
Sy is binomially distributed. Hence, P [S, = 0] < exp(—p). Thus, the ezpected
number of variables € V; with S, = 0 is < Onexp(—p). Furthermore, if we
condition on S; = j > 1, then the actual clauses Cy,...,C; supported by x are
just independently uniformly distributed over the set of all (Zj) possible clauses
that x supports. Therefore, the expected number of variables y € V; with S, =0
occurring in one of these clauses C; is (1+0(1))(k—1) - O exp(—p) < kb exp(—p).
Hence, if 0 is as in (), then this number is < exp(—2)/p, i.e., ‘small’ for p > pg
sufficiently big. Thus, we would expect that most clauses supported by z indeed
consist exclusively of variables that support other clauses. Hence, for 6 as in ()
we can expect most variables to be rigid.

Let us now indicate how this argument can be carried out in detail. Analyzing
the distribution of the variables S, in the experiment P1-P4 and extending the
result to the experiment U1-U4 via Theorem [ and setting ¢ = p?/ exp(p), we
obtain the following.

Proposition 1. Suppose that k, p, 0 satisfy the assumptions of Theorem[3. Then
w.h.p. in a random pair (P, o) generated by the experiment U1-U4 no more
than 2¢On variables in Vi support fewer than three clauses,

To establish rigidity, we need to show that most variables support clauses in
which only variables occur that support other clauses. To express this, we say
that S C V; is t-self-contained if each x € S supports at least two clauses of &,
that contain variables from S only. From Proposition [[] we can derive

Proposition 2. Suppose that k, p, 0 satisfy the assumptions of Theorem[3. The
outcome (P, o) of UL-U4 has a t-self-contained set of size (1 — 3()0n w.h.p.

Suppose that (@, 0:) has a self-contained set S of size (1 — 3¢)fn. To flip the
value of a variable x € S we need to also flip one other variable from each of the
(at least two) clauses that x supports and that consist of variables from S only.
As each of these two variables, in turn, supports at least two clauses comprised
of variables from S only, we need to also flip further variables in those. But
these variables are again contained in S. This suggests that attempting to flip
will entail an avalanche of further flips. Indeed, the expansion properties of the
random formula @; imply the following.

Proposition 3. With k, p,0 as in Theorem[3 there is x = x(k, p) > 0 such that
the outcome (D, 0+) of U1-U4 has the following property w.h.p.: all variables
that are contained in a t-self-contained set are xn-rigid.

Propositions[2 and B directly imply part 1 of Theorem Bl Self-contained sets also
play a key role in the proof of Theorem M (details omitted).
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